A proof is presented for Bing's conjecture that homogeneous, treelike continua are hereditarily indecomposable. As a consequence, each homogeneous curve admits the continuous decomposition into the maximal terminal, homeomorphic, homogeneous, hereditarily indecomposable, treelike subcontinua. (2) A homogeneous, hereditarily unicoherent continuum contains either an arc or arbitrarily small, nondegenerate, indecomposable subcontinua. (3) A treelike continuum with property K which is homogeneous with respect to confluent light mappings contains no two nondegenerate subcontinua with the one-point intersection.
INTRODUCTION
In 1960 Bing [2, p. 210] posed a conjecture that homogeneous, treelike continua are hereditarily indecomposable. It is a part of a more general and still open problem whether the pseudoarc is the only nondegenerate, homogeneous, treelike continuum. The Bing conjecture appeared to be of considerable interest and there are some partial solutions (see [6] [7] [8] [9] [10] 13] ).
In [13] the notion of an outlet point was introduced and it was proved that a nondegenerate, homogeneous, treelike continuum contains arbitrarily small subcontinua with at least two distinct outlet points. The second author, inspired by the result, has obtained a solution of Bing's conjecture in the affirmative (announced in [19] ).
This paper provides a full and self-contained proof that homogeneous, treelike continua are hereditarily indecomposable (Theorem 6.4). It follows that each homogeneous curve X admits continuous decomposition into the maximal terminal, homeomorphic, homogeneous, hereditarily indecomposable, treelike subcontinua (Theorem 6.6). In the case where X is decomposable the decomposition coincides with the known Jones aposyndetic decomposition [24, Theorem 5, p. 377] . If X is indecomposable, then Theorem 6.6 gives a partial answer to Question 6 in [25, p. 221 ]. In the case of atriodic X we obtain Hagopian's classification of all atriodic, homogeneous continua [8, Theorem 6.9] .
We would also like to indicate a few other theorems of this paper which not only are steps in proving the main result but also seem to be interesting in their own right.
In §3 we consider treelike continua X with the property of Kelley and we show ( .9' ) X contains a sequence of nondegenerate subcontinua Y k ' k = 1 ,2, ... , converging to a point such that each Y k has an outlet point and n: 1 Y k =f. 0 (Theorem 3.4). It turns out that property (.9'), together with Theorem 5.2, plays a fundamental role in § §4-6.
Another consequence of Theorem 3.4 is Corollary 4.4: no treelike continuum with the property of Kelley which is homogeneous with respect to confluent light mappings contains two nondegenerate sub continua with the one-point intersection.
In §5 we investigate a structure of homogeneous, hereditarily unicoherent continua. In particular, Theorem 5.2 says that a nondegenerate, homogeneous, hereditarily unicoherent continuum contains either an arc or arbitrarily small, nondegenerate, indecomposable subcontinua.
Key notions of the paper are outlet point and a terminal continuum; a main tool is the Effros theorem. Furthermore, an elementary covering techniquesome combinatorial properties of tree-chain covers-appears in §3.
PRELIMINARIES
Throughout the paper all spaces are metric and all mappings are continuous. Definitions of all notions not recalled here can be found in [14] , [15] , or [18] .
We denote by diam X the diameter of a space X. C(X) is the hyperspace of all nonempty subcontinua of a compact space X with the Hausdorff distance, and Ls and Lim denote the upper limit and the topological limit, respectively, in the sense of [14, pp. 337, 339] .
The following proposition is obvious. The space XX of all mappings from a compact space X into X is equipped with the metric p(f, g) = sup{ d (f(x) , g(x)) : x E X} , where d is a metric on X. The group of all homeomorphisms of X onto X is denoted by H(X). If p(h , id x) < e and h E H(X) , then we say that h is an e-homeomorphism.
A space X is said to be homogeneous with respect to a class M c XX if for every x,y E X there exists a surjection f EM such that f(x) = y. X is homogeneous provided it is homogeneous with respect to H(X). 
Denote by K(X) the family of all nonempty subcontinua of X such that there is a a > 0 satisfying condition (a) above. The following fact is an easy consequence of Proposition 2.3 and Effros' Theorem 2.2. Actually, one can find a proof in [17, (6.9) The set of all confluent light mappings of a compact space X onto X forms X a Go-subset of X (see, e.g., [4, p. 581 
]).
A point a E A E C(X) is called an outlet point of A if a E Z for every Z E C(X) such that Z n A =f: 0 =f: Z -A [13] .
The set of all outlet points of A will be denoted by F(A).
Hence F(L) c Z . The proof for the case Z n L =10 is similar. The next statement follows easily from the definitions.
Proposition 2.8. If f: X --+ Y is a confluent mapping, then f(F(A)) c F(f(A)) for every A E C(X) .
Let us recall that a continuum X has the property of Kelley A continuum T c X is said to be terminal provided that if C E C(X) and C n T =I 0, then C C T or T C C. Equivalently, T is terminal if and only
Denote by Yx the family of all terinal subcontinua of a continuum X.
The following fact is well known and easy. A simple proof of the next proposition is left to the reader. We will study properties of the following class !T of continua. A continuum A continuum X is treelike if there exists a sequence of tree-chains ~, n = 1 , 2, ... , covering X such that ~+ 1 refines ~ and limn mesh ~ = 0 .
X E!T if and only if there is a sequence
The sequence {~} will be called a defining sequence of X.
OUTLET POINTS IN TREELIKE CONTINUA WITH PROPERTY K
In this section we show that each nondegenerate treelike continuum with property K belongs to the class sr (Theorem 3.4). Lemma 3.2 and Theorem 3.4 appeared in [13] in a weaker form; we modify their proofs here. etc. Continuing this process we get a contradiction, since the tree-chain ::g is finite.
In the remaining part of this chapter X will denote a nondegenerate treelike continuum with defining sequence {~}.
A subcontinuum Y of X is said to be a limit of branches if there are numbers 
Proof. It is clear that X contains a nondegenerate limit of branches We can assume Y = Limn U 9 n ' where 9 n is a branch of ~ associated with a link En E~, and 0; < diamU9 n , mesh9 n < 0;/3, n = 1,2, .... Let
Dn be an end-link of 9 n not intersecting En' For each n there exist a link en E 9 n and a branch 9J n of 9 n satisfying conditions (a)-(c) in Lemma 3.1 for D = Dn and 9 = 9 n . Then a link Bn E 9J n intersects en' Further, the branch ~ associated with Bn containing all branches of 9 n associated with en which are different from 9J n is also a branch of ~ associated with Bn and diam U~ < 0;. We can assume that the sequence {U~}, n = 1,2, ... , is convergent; put Limn U~ = Y k · Observe that Y k E C(X) and diam Y k ::; 0;. Moreover, Y k is non degenerate, because otherwise diamU~ < 0;/3 for sufficiently large n; this is impossible because ~ properly contains a branch from (9 n )' associated with en' So Y k is the desired limit of branches and the proof is complete.
Lemma 3.3. If X has property K and a subcontinuum Y of X is a limit of branches, then Y contains an outlet point.
Proof. Let Y = Limn U 9 n ' where 9 n is a branch of ~ associated with a link
and a sequence of points y n E U 9 n , n = 1,2, ... , converging to y. By property K, there exists a sequence {Zn} C C(X), n = 1,2, ... , converging to Z such that Yn E Zn' Since Z -Y -10, we also have Zn -U9 n -10 for sufficiently large n, whence Zn n en -10. So P E Z .
The following theorem is a consequence of Lemmas 3.2 and 3.3. 
In particular, X E gr .
CONTINUA WITH PROPERTY K WHICH ARE HOMOGENEOUS WITH RESPECT TO CONFLUENT LIGHT MAPPINGS
In this section we will study continua from the class gr with property K which are homogeneous with respect to confluent light mappings. The class .'7 is naturally divided into the following two classes: the class Yo of all continua X containing a sequence {Y k } of nondegenerate subcontinua such that 
Observe that diamK i :::
by Proposition 2.10. Observing that diamZ k ::::: 1jk we see that the desired sequence is already constructed for x = h(a). To complete the proof note that for any confluent light mapping f: X --+ X the sequence {f(Zk)} has the same properties as {Zk}' hence the conclusion follows from the homogeneity of X with respect to confluent light mappings.
The following theorem was obtained in [13] in a version for homogeneous treelike continua. (2) 
Yo. Let {Zk} be a sequence guaranteed by Lemma 4.1 with n;:1 Zk = {x}.
Then F(Zk) c K n L for sufficiently large k, and thus the conclusion follows. (2) and Limk Y k = n;: 1 Y k = {p} for some p EX. By Proposition 2.8 and by the homogeneity of X with respect to confluent light mappings, there is such a sequence for each p EX. So assume
The proof is thus complete.
The following corollary is a simple consequence of Theorems 3.4 and 4.3. 
HOMOGENEOUS, HEREDITARILY UNICOHERENT CONTINUA
Let us recall an old result by Jones [9] .
Proposition 5.1. A homogeneous, hereditarily unicoherent continuum is indecomposable.
The following theorem is crucial for further investigations. We begin with the following fact. In fact, since m-1(0) is decomposable, it is not in K(X), by Propositions 5.1 and 2.4. It follows from Proposition 2.3 that there is an e-homeomorphism hE H(X) satisfying (2). Suppose (3) is not fulfilled and put
PAWEL KRUPSKI AND 1. R. PRA1S In this wayan increasing sequence {In} of irreducible sub continua of X is obtained.
The hereditary unicoherence of X yields that the decomposition of I into the sets m-I(t)nh(m-I(u)) for t E [O,t o )' u

Claim 3. The continuum K = Limn
In is indecomposable and 0 < diam K < J.
In fact, each In is nondegenerate and diam In+ I ::; diam In + J /2 n + 2 , so o < diam K < J. Suppose K contains a subcontinuum C with non empty interior in K and let p E int C. There is a sequence of points p n E In -In_1 converging to p. For sufficiently great n we have Pn+1 E C n (In+1 -In) and Pn-I E Cn(ln_1 -I n _ 2 )· Since the set In -In_1 is contained in the irreducible subcontinuum of X between Pn+1 and P n -I ' it follows from the hereditary unicoherence of X that In -In_1 c C. Noting that the sets In -In_I' n = 1 , 2, ... , approximate K, we see that C = K. Hence K is indecomposable.
The proof of Theorem 5.2 is complete. Proposition Proof. Let p E C n D and a sequence {D n} C ..9 x converge to D. In the case C E cl(..9 x ) take a sequence {Cn} c.9 x converging to C. Without loss of generality, according to Effros' Theorem 2.2, we can assume p E Dn (and also (..9 x ) ) for all n. Thus, if C is indecomposable, then Dn c C for infinitely many n or C C D n for infinitely many n; if C E cl(..9 x) , then either C n c Dn for infinitely many n or Dn C C n for infinitely many n. In both cases we have either C c D or DeC. Then C 1 contains a continuum I irreducible with respect to the property that it intersects D and some fixed E E 9'x(A) , E =/= D. Certainly, I also intersects some P E 9'x(A) , D =/= P =/= E. Now, using an idea from the proof of Theorem 5.2, we start to construct an indecomposable continuum K C X such that
Suppose A is a proper subcontinuum of a homogeneous, hereditarily unicoherent continuum X. If C is an indecomposable subcontinuum of X intersecting F(A), then either F(A) c C or C C F(A); if, additionally, C c A, then C c F(A).
Proof. If C -
(A)} is a decomposition of F(A). If h E H(X) is a Jhomeomorphism and there is a point
obtaining a contradiction because P E 9'x .
Choose a point pEP -I and put The proof of Proposition 5.11 is complete. 
is a nondegenerate, terminal subcontinuum of X (Proposition 5.11).
TREELIKE, HOMOGENEOUS CONTINUA
Let us recall that a point x of a continuum X is said to be an end point of
It is clear that a continuum X is hereditarily indecomposable if and only if each point of X is an end point.
Let X be a continuum. We will consider the following condition:
for each nondegenerate continuum T E Yx there exists a sequence {Tn} C ,~, n = 1, 2, ... , such that Tn ~ T and
Obviously, hereditarily indecomposable, nondegenerate continua X have property (t), since C(X) = Yx . Proof. Observe first that (i) for each T E Yx the set C( T) nYxis connected. In fact, suppose C(T) n Yx = P u Q with P, Q being closed and disjoint.
Since the set {{x}: x E T} C C( T) nYxis connected, it is contained in one of these sets, say in P. If Q were nonempty, it would contain nondegenerate, minimal elements, contrary to (t). Finally, we will show that the point x is an end point of X. Indeed, suppose
We have K c T, LeT, and K U L q, T, a contradiction.
Since confluent mappings preserve the property of being an end point of a continuum, the next fact follows from Proposition 6.1. ( 1 ) X is treelike or (2) each proper subcontinuum of X is treelike and Yx -{X} is not compact. Then X satisfies condition (t). (2)) by Proposition 2.3. So T is a homogeneous, treelike continuum (Proposition 2.4).
Proof. If not, then there is a nondegenerate continuum
Let Yx(T) be the family of all maximal terminal, proper subcontinua of T. ( 1) X is treelike; (2) X is hereditarily indecomposable; (3) X is one-dimensional and the set Yx -{X} is not compact; ( 4) X is one-dimensional and acyclic. Proof. To show (3) => (2) assume there is a sequence {Tn} C Yx -{X} converging to X. By Effros' Theorem 2.2, we can assume p E Tn for some fixed point p E X and for each n = 1,2, .... Since Tn are terminal, for each C E C(X) -{X} with p E C and for some n, we have C C Tn . Further, each Tn is treelike by Theorem 6.6. The continuum Y = Xjg is atriodic, homogeneous, and contains no proper, nondegenerate, terminal subcontinua. According to Proposition 6.8, if Y is nondegenerate, it contains a nondegenerate, hereditarily decomposable continuum. To complete the proof apply the result of [17, (14.8) , p. 35] saying that atriodic, homogeneous continua with nondegenerate, hereditarily decomposable subcontinua are solenoids.
Clearly, Yx(T) is a partition of T. Since h(P) E Yx(T) for each P E Yx(T) and each h E H(T) , the family Yx(T) is a continuous decomposition of
Remark 2. It is remarkable that, in the case of an atriodic, treelike, homogeneous continuum X, Proposition 6.8 allows us to simplify the proof that X is hereditarily indecomposable. Namely, X contains no arc (see, e.g., [23] , [7] , [13] , or our Corollary 4. We are also encouraged by recent successful generalizations of some important theorems on homogeneous continua. Let us mention two of them.
1. If a continuum X is homogeneous with respect to open mappings and each subcontinuum of X is an are, then X is a solenoid [20] .
2. If a proper subcontinuum X of a 2-manifold is homogeneous with respect to open light mappings and X contains an arc, then X is a simple closed curve [21 ] .
One can see that some versions of Effros' theorem which are formulated in [4, Proposition 3.1, Theorem 5.9] provide fundamental tools for studying generalized homogeneity of continua. 
